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Detection of high-power two-mode squeezing by sum-frequency generation
Faina Shikerman and Avi Pe’er
Physics department and BINA center for nano-technology, Bar Ilan University, Ramat Gan 52900, Israel
We introduce sum-frequency generation (SFG) as an effective physical two-photon detector for
high power two-mode squeezed coherent states with arbitrary frequency separation, as produced
by parametric oscillators well above the threshold. Using a formalism of “collective modes”, we
describe both two-mode squeezing and degenerate squeezing on equal footing and derive simple
relations between the input degree of squeezing and the measured SFG quadrature noise. We
compare the proposed SFG detection to standard homodyne measurement, and show advantages in
robustness to detection inefficiency (loss of SFG photons) and acceptance bandwidth.
PACS numbers: 42.50.Dv, 42.50.St, 42.65.Lm, 42.65.Ky
Quantum mechanical squeezing - the reduction of fluc-
tuations of an observable below the standard quantum
limit (SQL - 1/
√
N , N the total number of photons
detected) at the expense of increased fluctuations of
the conjugate observable - is a major resource in quan-
tum information and quantum measurement. In optics,
squeezed states of light are key to methods of phase mea-
surement with precision beyond SQL, approaching the
ultimate Heisenberg limit 1/N [1, 2]. Due to the poten-
tial for a dramatic improvement in precision, sub-SQL
methods are appealing for metrology applications, such
as detection of gravitational waves [3], precision spec-
troscopy [4] and next generation atomic clocks [5].
Two major limitations exist for measurement of
squeezing by standard homodyne detection. The first is
sensitivity to photo-detection inefficiency, which reduces
the usable squeezing. Since squeezing is very sensitive
to photon loss, and since detection inefficiency in stan-
dard homodyne is indistinguishable from loss, near unity
detection efficiency is crucial to exploit the squeezing
resource [11, 12]. Another limitation of homodyne de-
tection is detection bandwidth - while parametric down-
conversion (PDC) can produce two-mode squeezed states
with arbitrary frequency separation, the photo detectors
bandwidth is restricted to several GHz at most. Con-
sequently, standard homodyne detection is effective only
for narrowband degenerate squeezing and cannot be used
for two-mode or broadband squeezing, especially above
the oscillation threshold. Detection of the phase correla-
tion in two-mode squeezing requires a stable reference for
the phase-sum, which is not easy to obtain for spectrally-
separated mode pairs. Reports so far relied on delicate
referencing to optical cavities and were limited to few
nanometer separation between the modes [10].
We suggest a simple method to detect high-power two-
mode squeezing, as produced by parametric oscillators
above threshold [10, 13, 14]. The method, shown in
Fig. 1, utilizes sum-frequency generation (SFG) as a
detector of quantum correlation that is robust to detec-
tion inefficiency and accepts arbitrary frequency separa-
tion between the two modes. Previously, SFG was ex-
plored as an ultra-broadband two-photon detector in the
FIG. 1: (Color online) (a) The proposed SFG scheme for mea-
surement of squeezing: a narrowband pump local oscillator
(LO) at frequency 2ω is down-converted to generate squeezed
light. To measure the obtained squeezing the light is first up-
converted back to the pump frequency and the quadratures
of the resulting SFG are measured by homodyning against
the pump LO while varying its phase ϕ. This SFG scheme
is a symmetric inversion of the standard homodyne scheme
shown in (b), where a LO at ω is first frequency doubled to
2ω and then down-converted to generate squeezing, which is
measured by homodyning against the LO.
low power regime of entangled bi-photons (squeezed vac-
uum), resolving simultaneously the tight time-difference
and energy-sum correlation [15, 16]. In the proposed
scheme, the degree of squeezing of the input is deduced
from analysis of the quadrature noise of the SFG output.
The Robustness of SFG detection to inefficiency is mo-
tivated by the fact that as opposed to homodyne, detec-
tion efficiency of the (double-frequency) SFG photons is
easily distinguishable from loss of squeezed (fundamental
frequency) photons. Furthermore, SFG involves annihi-
lation of photon in pairs, which for low input depletion
(low SFG efficiency) preserves the quantum correlation
within the squeezed input. The ability to detect two-
mode squeezing of arbitrary separation is motivated by
the fact that the SFG phase is equal to the phase-sum
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FIG. 2: Ultra-broad phase matching for SFG in a 1cm long
PPKTP crystal with input near zero dispersion. <0.25pi phase
mismatch is maintained over∼100THz input bandwidth for
collinear SFG into 340THz (880nm).
of the input modes. Consequently, homodyne detection
of the SFG phase against the original pump measures
the inter-mode phase correlation regardless of their sep-
aration. The detection bandwidth with SFG is therefore
only limited by phase matching, which can be very broad
for type-I phase matching [7, 8, 15], as shown in figure 2.
In what follows, we consider a fully quantum model of
the SFG setup of Fig. 1(a) and derive in linear response
approximation analytic expressions relating the input de-
gree of squeezing to the measured spectral variance of
the SFG output. We employ the positive-P representa-
tion [21, 22] - a general method for treatment of quantum
correlations - to analyze SFG detection in realistic config-
urations, taking into account both loss and inefficiency.
We start with a standard Hamiltonian [18, 19]
Hˆ = HˆS + HˆR + Vˆ , (1)
where, setting ~ = 1,
HˆS =
∑
α=i,s,2
ωαaˆ
†
αaˆα − i
χ
2
(
aˆ†2aˆiaˆs −h.c
)
+ i
(
Ee−iωstaˆ†s + E∗e−iωitaˆ†i −h.c
)
,
(2)
is the SFG intra-cavity Hamiltonian including the non-
linear interaction between the photon operators aˆs, aˆi
and aˆ2 of the signal, idler and SFG modes respectively,
whose frequencies obey energy conservation ωi+ωs = ω2.
The signal and the idler are driven by classical pumps
E = |E|e−iφ and E∗ that are complex conjugates to
reflect the classical correlation between them [6, 7, 9].
HˆR=
∑
kωkˆb
†
kbˆk, is the Hamiltonian of the loss reservoir
of extra-cavity modes. In rotating wave approximation,
the cavity modes are coupled to the loss reservoir by [17]
Vˆ =
∑
α=i,s
∑
k
gαk
(
bˆ†kaˆα +h.c
)
. (3)
To describe driving of a cavity by a quantum input,
it is standard procedure to separate the average classical
field from the quantum fluctuations. Just as driving by a
coherent-state |E〉 can be described as coupling to a clas-
sical pump E accompanied by a vacuum |0〉 input from
the reservoir, we describe driving by a squeezed coherent
state |E , Reiθ〉 (R - the degree of squeezing) as a classi-
cal pump E accompanied by a squeezed vacuum |0, Reiθ〉
input from the reservoir.
It is useful to transform the mode basis from the signal
and idler modes to collective modes, defined as
aˆ± =
1√
2
(
aˆse
iφ ± aˆie−iφ
)
. (4)
From classical analogy, the collective ± modes corre-
spond to a carrier at the center frequency ω1 = (ωi+
ωs)/2 = ω2/2 modulated by a cosine or sine envelope
at frequency (ωs−ωi)/2. Just like as, ai, the collective
operators commute [a+, a−] =
[
a†+, a
†
−
]
=
[
a+, a
†
−
]
= 0
and should not be confused with quadrature operators.
Assuming 〈bˆk〉 = 〈bˆ†k〉 = 0, and using squeezed vacuum
correlation functions [22]
〈bˆ†k bˆk′〉 = Nδ (k, k′) , 〈bˆk bˆ†k′〉 = (N + 1)δ (k − k′) ,
〈bˆ†k bˆ†k′〉 = 〈bˆkbˆk′〉∗ = −Mδ (ωk, ω2 − ωk′) ,
(5)
we can substitute aˆs,i=(aˆ+ ± aˆ−) e±iφ/
√
2 (Eq. (4)) into
the Hamiltonian and apply general methods to construct
a reduced master equation in the Markovian limit [17]:
dρˆ
dt
=− i
[
Hˆint, ρˆ
]
+ γ2
(
2aˆ2ρˆaˆ
†
2 − aˆ†2aˆ2ρˆ− ρˆaˆ†2aˆ2
)
−N [aˆ+] +M [aˆ+]−N [aˆ−]−M [aˆ−] ,
(6)
where
Hˆint= i
√
2|E|
(
aˆ†+−aˆ+
)
−iχ
4
(
aˆ†2aˆ
2
++aˆ
†
2aˆ
2
−−h.c
)
(7)
is the system Hamiltonian HˆS in the interaction picture
representation, and the functions N ,M are defined as
N
[
Aˆ
]
≡γ1(N + 1)
[
Aˆ†Aˆρˆ− 2AˆρˆAˆ† + ρˆAˆ†Aˆ
]
+γ1N
[
AˆAˆ†ρˆ− 2Aˆ†ρˆAˆ+ ρˆAˆAˆ†
]
,
M
[
Aˆ
]
≡γ1M
[
Aˆ2ρˆ− 2AˆρˆAˆ+ ρˆAˆ2
]
+h.c,
(8)
and γ1, γ2 are the decay rates of the signal ± idler and
the SFG modes respectively. The quantities M and N ,
appearing in Eqs. (8), characterize the input squeezing
and, in principle, can be varied independently [20]. For
the ideal squeezed input, however, M =sinh(2R)e−iθ/2,
N =sinh2(R), and hence, |M |=√N(N + 1)≈N + 1/2.
While arbitrary θ can be treated, we confine our analysis
to real M (θ=0, pi) for brevity of expressions.
It is readily seen from Eq. (7) that with the definition
of collective modes (Eq. (4)) only the cosine envelope aˆ+
is driven directly, while the sine envelope aˆ− is neither
externally excited nor directly coupled to aˆ+. The only
mechanism to populate aˆ− is by spontaneous down con-
version from the created SFG field, which is negligible
if the SFG efficiency is low. The physical picture of the
two-mode SFG reduces therefore to that of a degenerate
3squeezing, apart from the modulation of the ω1 frequency
carrier by a cosine envelope. Discarding the terms involv-
ing aˆ−, aˆ
†
− and setting aˆ+= aˆ1, Eqs. (6,7) take the form
dρˆ
dt
= i
[
ρˆ, Hˆint
]
−
∑
j=1,2
γj
(
aˆ†j aˆj ρˆ+ρˆaˆ
†
j aˆj−2aˆj ρˆaˆ†j
)
−2γ1N
[
aˆ†1, [aˆ1, ρˆ]
]
+γ1M
(
aˆ21ρˆ+ρˆaˆ
2
1−2aˆ1ρˆaˆ1+h.c
)
,
Hˆint = i
√
2|E|
(
aˆ†1 − aˆ1
)
− iχ
4
(
aˆ†2aˆ
2
1 − h.c
)
.
(9)
With re-scaling E ′ =√2|E|, χ′ = χ/2, Eqs. (9) coincide
with the master equations obtained for degenerate SFG,
leading to a unified formulation of two-mode SFG for any
mode pair, regardless of the frequency separation.
For a fully quantum treatment we apply now the pos-
itive P-representation method [21, 22] to Eq. (9), which
yields Itoˆ stochastic differential equations (SDE’s)[
∂
∂t
α1
∂
∂t
α+1
]
=
[ −γ1α1 + χ′α+1 α2 + E ′
−γ1α+1 + χ′α1α+2 + E ′
]
+
+
[
χ′α2 + 2γ1M 2γ1N
2γ1N χ
′α+2 + 2γ1M
] 1
2
[
w1(t)
w2(t)
]
[
∂
∂t
α2
∂
∂t
α+2
]
=
[
−γ2α2 − χ′2 α21
−γ1α+2 − χ
′
2
α+
2
1
]
,
(10)
where α1, α
+
1 , α2, α
+
2 are independent c-number stochas-
tic variables associated with the field operators, and
w1(t), w2(t) are real Gaussian noises, obeying
〈wk(t)〉 = 0, 〈wj(t)wk(t′)〉 = δjkδ(t− t′). (11)
Defining the normally ordered intra-cavity quadratures
qj = αj + α
+
j , pj = −i(αj − α+j ), (12)
and re-scaling with respect to γ1 (τ≡γ1t, γr≡γ2/γ1, µ≡
E ′/γ1), we obtain from SDE’s (10)
[
∂
∂τ
q1
∂
∂τ
p1
]
=
[
2µ− q1 + g
√
γr
2
(q1q2 + p1p2)
−p1 + g
√
γr
2
(q1p2 − q2p1)
]
+
[
1 1
−i i
]
·
·
[
g
√
γr
2
(q2+ip2)+2M 2N
2N g
√
γr
2
(q2−ip2)+2M
] 1
2
[
w1(τ )
w2(τ )
]
,
[
∂
∂τ
q2
∂
∂τ
p2
]
=
[ −γrq2 − g√ γr8 (q21 − p21)
−γrp2 − g
√
γr
2
q1p1
]
,
(13)
where g ≡ χ′/√2γ1γ2 characterizes the strength of the
quantum fluctuations internal to the SFG cavity [18]. For
any classical amplitude E ′ the validity of Eqs. (13) is
guaranteed if the ratio of nonlinearity to damping χ′/γj
is small [18, 21]. Note that Eqs. (13) contain two in-
dependent quantum noise contributions: one from the
external noise induced by the coupling to the squeezed
light, represented by M and N ; and the other - the in-
ternal noise proportional to the intra-cavity SFG field
amplitude α2 = q2 + ip2, arising from the non-linear in-
teraction. An important consequence is that for low SFG
efficiency, the intra-cavity noise may be neglected com-
pared to the squeezed input noise, which proves crucial
for the SFG detection accuracy calculated below.
Eqs. (13) are complicated to be solved exactly. How-
ever, if the input noise is small compared to the clas-
sical terms (a reasonable assumption for an OPO well
above threshold [23]), linearization methods can be jus-
tified to obtain approximate results [19, 24]. Within the
zero-order approximation, corresponding to the classical
dynamics, we discard the noise terms and obtain
d
dτ
q
(0)
1 = −q(0)1 + 2µ+g
√
γr
2
(q
(0)
1 q
(0)
2 +p
(0)
1 p
(0)
2 ),
d
dτ
p
(0)
1 =−p(0)1 +g
√
γr
2
(q
(0)
1 p
(0)
2 −q(0)2 p(0)1 ),
d
dτ
q
(0)
2 = −γrq(0)2 − g
√
γr
8
(q
(0)
1 q
(0)
1 − p(0)1 p(0)1 ),
d
dτ
p
(0)
2 = −γrp(0)2 − g
√
γr
2
q
(0)
1 p
(0)
1 .
(14)
The steady-state solution of Eqs. (14) (setting all time
derivatives to zero) yields
p
(0)
1 = p
(0)
2 = 0, q
(0)
2 = −
g√
8γr
q
(0)
1 q
(0)
1 ,
q
(0)
1 =
−2 3√6 + 3
√
4
(
9gµ+
√
12 + 81g2µ2
)2
3
√
9g 3
√(
9gµ+
√
12 + 81g2µ2
) −−−→g→0 2µ.
(15)
To investigate the temporal behavior of the system
within the first order approximation we now substitute
the zero-order solution Eqs. (15) into the noisy terms of
Eqs. (13) and linearize the equations with respect to the
deterministic part [19, 24]. This leads to
d
dτ
δq1=−
(
1+
ν2
4
)
δq1+
√
γr
2
νδq2+2
√
M+N− ν
2
8
w+,
d
dτ
δp1=−
(
1− ν
2
4
)
δp1+
√
γr
2
νδp2−2i
√
M−N− ν
2
8
w−,
d
dτ
δq2=−
√
γr
2
νδq1−γrδq2, d
dτ
δp2=−
√
γr
2
νδp1−γrδp2,
(16)
where ν=gq
(0)
1 is a measure of the SFG efficiency ηSFG=
ν2/8 and w±=[w1±w2] /
√
2 represent white noises.
Eqs. (16) can be solved in Fourier space to obtain the
desired SFG quadratures
δq˜2(Ω) = −
ν
√
2γr
√
M +N − ν2
8
w˜+(Ω)
γr
(
1 + 3ν
2
4
)
+ i
(
1 + γr +
ν2
4
)
Ω− Ω2
,
δp˜2(Ω) = i
ν
√
2γr
√
M −N − ν2
8
w˜−(Ω)
γr
(
1 + ν
2
4
)
+ i
(
1 + γr − ν24
)
Ω− Ω2
.
(17)
Using Eqs. (17) and the correlation properties of white
4noise 〈w˜j(Ω1)w˜k(Ω2)〉 = δjkδ(Ω1 +Ω2) we find
〈δq˜2(Ω1)δq˜2(Ω2)〉 =
=
2γrν
2
(
N+M − ν2
8
)
δ(Ω1+Ω2)
γ2r
(
1+ 3ν
2
4
)2
+γ2rΩ2
(
1− ν2
γr
)
+Ω2
(
1+ ν
2
4
)2
+Ω4
,
〈δp˜2(Ω1)δp˜2(Ω2)〉 =
=
2γrν
2
(
N−M+ ν2
8
)
δ(Ω1+Ω2)
γ2r
(
1+ ν
2
4
)2
+γ2rΩ2
(
1− ν2
γr
)
+Ω2
(
1− ν2
4
)2
+Ω4
,
(18)
which express the intra-cavity SFG spectral variances
(normally ordered) in terms of the squeezing parameters
N+M and N−M . When N−M dominates over the
internal noise (N−M≫ν2/8), the SFG quadratures fluc-
tuations directly provide the degree of input squeezing.
Since measurements are performed on the fields outside
the cavity, we now transform the intra-cavity spectral
variances in Eqs. (18) to extra-cavity spectral variances
using the input-output relation Φˆoutj =
√
2γoutj aˆj− Φˆinj
[20], where Φˆoutj , Φˆ
in
j are the outgoing and incoming pho-
ton operators external to the cavity and aˆj is the intra-
cavity operator whose dynamics we have studied so far.
For simplicity, we assume γoutj =γj, indicating a lossless
cavity where damping is only due to output coupling.
Defining general quadratures Xˆθj =
(
e−iθΦˆoutj +e
iθΦˆout
†
j
)
the output spectral variance V θj (Ω) can be written as [18]
V θj (ω)δ(ω + ω
′) = 1 + 〈∆Xθj (ω)∆Xθj (ω)〉p, (19)
where the subscript P stands for the normal ordering,
∆Xθj ≡ Xθj − 〈Xθj 〉 and the frequency argument denotes
a Fourier transform X˜θj (ω) =
∫
dt√
2pi
eiωtXθj (t).
It is essential that the input field Φin1 , which is as-
sociated with the input noise term in Eqs. (10) for the
intra-cavity fields, is properly included. However, for the
SFG mode 2, which is not explicitly driven by any noise
(Φin2 = 0), V
θ
2 (ω) takes the form [18, 20]
V θ2 (ω)δ(ω + ω
′) = 1 + 2γ2〈∆x˜θ2(ω)∆x˜θ2(ω′)〉p, (20)
where x˜θj is the generalized intra-cavity quadrature. Re-
membering the re-scaling of time by γ1, on substituting
Eqs. (18) into Eq. (20), we obtain the desired relations
between the measured extra-cavity SFG quadratures and
the squeezing parameters of the input field:
V 02 (Ω) = 1+
+
4γ2rν
2
(
N+M − ν2
8
)
γ2r
(
1+ 3ν
2
4
)2
+γ2rΩ2
(
1− ν2
γr
)
+Ω2
(
1+ ν
2
4
)2
+Ω4
,
V
pi
2
2 (Ω) = 1+
+
4γ2rν
2
(
N−M + ν2
8
)
γ2r
(
1+ ν
2
4
)2
+γ2rΩ2
(
1− ν2
γr
)
+Ω2
(
1− ν2
4
)2
+Ω4
.
(21)
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FIG. 3: The plot of V 02 (Ω) Eq. (21) [(a) and (c)] and of V
pi
2
2 (Ω)
[(b) and (d)] for ideally squeezed input M =
√
N(N + 1) as
functions of the scaled frequency Ω, the squeezing parameter
M , with ν = gq
(0)
1 , g = χ
′/
√
2γ1γ2 and q
(0)
1 given by Eq. (15).
By construction within the positive-P representation,
Eqs. (21) represent a realistic measurement of the extra-
cavity SFG quadratures with either partially or ideally
squeezed input. The only assumptions are that the SFG
cavity is lossless for the input squeezed light (such loss
would hinder the squeezing like any other loss) and that
the photo-detector efficiency is included in the SFG ef-
ficiency ηSFG = ν
2/8. Figure 3 illustrates the results of
Eqs. (21) for an ideally squeezed input M =
√
N(N + 1)
at realistic parameters. As evident, the measured SFG
quadratures are either non-squeezed (in Q quadrature) or
undergo insignificant squeezing (in P quadrature). More-
over, for non-ideal squeezed input, where N > |M |, fluc-
tuations of both SFG quadratures are always above the
SQL, which indicates the robustness of the proposed de-
tection to loss of SFG photons, as sub-SQL fluctuations
need not be detected. We also note that for a non-
squeezed input (M=N=0) Eqs. (21) yield slight squeez-
ing of the SFG output, a known result in SFG cavities
[25]. This squeezing is negligible compared to the exter-
nal input noise for low SFG efficiency.
Finally, we can use Eqs. 21 to estimate the sensitivity
limit of our scheme and the optimal efficiency ηSFG =
ν2/8. Assuming a fast SFG cavity (γ2r =(γ2/γ1)
2≫Ω2),
Eqs. (21) can be expanded to 4th order in ν, yielding
V 02 (Ω) ≈ 1+ 4ν
2
1+Ω2
[
(N+M)− ν
2
8
(
1+
3
4
N+M
1+ Ω2
)]
,
V
pi
2
2 (Ω) ≈ 1+
4ν2
1+Ω2
[
(N−M)+ ν
2
8
(
1− 1
4
N−M
1+ Ω2
)]
.
(22)
Measurement of the squeezing parametersN−M , N+M
may be obscured either by vacuum noise (SQL) for low
5SFG efficiency (the first ′1′ term) or by the internal
SFG noise for high efficiency due to input depletion (the
last term). The minimum detectable (N − M) is ob-
tained when all contributions are similar 4ν2(N −M)=
1 and (N −M)=ν2/8, indicating that optimal detection
occurs for ν2 =
√
2 or ηSFG ≈ 0.18, allowing detection
down to (N −M)min≈0.18, very close to the ideal value
(N −M)ideal≥−1/2. We expect therefore that this new
method will find applications in high precision metrology.
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